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Abstract.
Echo state networks oﬀer a promising possibility for an eﬀective use of
recurrent structures as the presence of feedback is accompanied with a
relatively simple training process. However, such simplicity, which is obtained through the use of an adaptive linear readout that minimizes the
mean-squared error, limits the capability of exploring the statistical information of the involved signals. In this work, we apply an informationtheoretic learning framework, based on the error entropy criterion, to the
ESN training, in order to improve the performance of the neural model,
whose advantages are analyzed in the context of supervised channel equalization problem.

1

Introduction

From a signal processing standpoint, echo state networks (ESNs) can be seen as
attractive possibilities for adaptive ﬁltering, as they ally, to a certain degree, the
beneﬁts of classical recurrent neural networks (RNNs) with respect to the emergence of a dynamical memory to an adaptation complexity equivalent to that of
linear ﬁnite impulse response (FIR) ﬁlters [1] [2]. This trade-oﬀ is accomplished
by using an intermediate recurrent layer, named dynamical reservoir, which is
not subject to adaptation. Hence, the network training process is signiﬁcantly
simpliﬁed, amounting to the task of determining the coeﬃcients of the linear
combiner at the output that minimize the mean-squared error (MSE), which
can be solved in an online fashion with the aid of well-known methods like the
least mean squares (LMS) and recursive least squares (RLS) algorithms [3].
Nevertheless, canonical ESNs cannot make full use of the statistical information associated with both the reservoir and desired signals. This limitation
is due to two main aspects: (1) the linear character of the readout structure
and (2) the adoption of the MSE criterion. While the ﬁrst factor has motivated
the proposal of alternative readout structures [4], the possibility of using criteria
other than the MSE in ESN training has not been addressed so far.
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Interestingly, the study of adaptive ﬁltering criteria and algorithms capable
of employing in a more extensive manner the statistical information contained
in the input and reference signals constitutes the main motivation underlying
the research ﬁeld known as information-theoretic learning (ITL) [5]. Within
this framework, the error entropy criterion (EEC) deserves special attention as
it brings to fruition the statistical completeness of ITL by taking into account
the probability density function (PDF) of the error signal, instead of only the
second-order statistics, as occurs with the MSE, along with eﬃcient online learning algorithms, such as the stochastic information gradient for minimum error
entropy (MEE-SIG) [5].
In this work, we propose the use of the entropy error criterion in lieu of the
MSE for training the ESN readout. This idea shall be analyzed in the context of
an emblematic information retrieval problem - supervised channel equalization
-, which poses a crucial demand for an eﬀective trade-oﬀ between reachable
performance and operational tractability, characteristics that suit adequately
the spirit of ESNs.

2

Echo State Networks

The basic ESN architecture is composed of three layers of neurons: (i ) the
input layer, which receives the stimuli u(n) ∈ RK×1 and transmits them to the
internal neurons by means of linear combinations, whose coeﬃcients are speciﬁed
in matrix Win ∈ RN ×K ; (ii ) the internal layer, called dynamical reservoir,
whose states, represented by x(n) ∈ RN ×1 , are determined as follows:


(1)
x(n + 1) = f Win u(n + 1) + Wx(n) ,
where W ∈ RN ×N contains the synaptic weights of the recurrent connections
within the reservoir and f (·) = (f1 (·), . . . , fN (·)) denotes the activation functions
of the internal units, and (iii ) the output layer, called readout, which combines
the reservoir signals to produce the network outputs according to:
y(n + 1) = Wout x(n + 1),

(2)

where Wout ∈ RL×N brings the coeﬃcients of the output linear combiner [1].
A common strategy for the reservoir design is to randomly create a sparse
reservoir weight matrix W, which is then globally scaled with the aim of controlling the spectral radius, i.e., the largest absolute eigenvalue of the weight
matrix [1].

3

Information-Theoretic Learning

The research ﬁeld known as information-theoretic learning (ITL) provides a set
of alternative adaptation criteria capable of reaching a more eﬀective extraction
of the statistical information available by resorting to fundamental concepts borrowed from information theory, like entropy and mutual information [5]. Particularly, the error entropy criterion (EEC), which aims to minimize the uncertainty
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associated with the error signal, emerges as an interesting alternative due to
its capability of dealing with non-Gaussian, fat-tail distributions and with the
occurrence of outliers, as well as to the availability of online algorithms, such as
the stochastic information gradient for minimum error entropy (MEE-SIG) [5].
In this context, Rényi’s deﬁnition of entropy, especially its quadratic version
Ĥ2 (·), is particularly useful in view of the possibility of obtaining nonparametric
estimators with the aid of kernel density estimation methods, such as Parzen
windowing, to approximate the probability density function (PDF) of the error
signal [5]. The online algorithm MEE-SIG computes the instantaneous stochastic
gradient similarly to the LMS in the case of the MSE criterion. Hence, by
employing Gaussian kernels, the cost function associated with the EEC can be
stated as follows:



n−1
1 
Gσ (en − ei )
,
(3)
min Ĥ2 (e(n)) ≈ min − log
w
w
L
i=n−L

where e(n) denotes the error signal, ei is the error sample at time instant i, Gσ (·)
is the Gaussian kernel function, σ denotes the kernel size and L is the number
of samples (time window) used to estimate the error PDF. This method shall
be used to train the ESN readouts in the context of the channel equalization
problem, which is brieﬂy described in the following section.

4

Channel Equalization

Fundamentally, the problem of channel equalization corresponds to the task of
recovering an information signal from distorted measurements resulting from
the action of a noisy linear / nonlinear system (channel). In the case of digital communications, which is the focus of this work, an important eﬀect is the
temporal superposition between transmitted samples, called intersymbol interference (ISI).
A common strategy to counterbalance the undesirable eﬀects of the channel
is to use a specially-tailored ﬁlter, called equalizer, at the receiver. A block
diagram illustrating the channel equalization problem is displayed in Figure 1,
in which s(n) corresponds to the source signal, r(n) is the observed signal, η(n)
represents the additive noise, y(n) is the equalizer output and d(n) is the desired
signal, i.e., s(n) or a delayed version thereof (s(n − d)).
The classical formulation of the equalization problem consists in selecting
the ﬁlter parameters that minimize the mean-squared error between the desired
signal and the equalizer output, i.e., MSE = E [d(n) − y(n)]2 . The solution
evokes the conceptual framework of optimum (Wiener) ﬁltering, as well as wellknown online algorithms such as LMS and RLS [3]. In this work, the ESNs,
described in Section 2, will play the role of nonlinear and recurrent equalizers,
and will be adapted according to the error entropy criterion, aiming at a more
eﬀective use of the statistical information of the signals, and, ultimately, a better
equalization performance.
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Fig. 1: Block diagram of the channel equalization problem.
4.1

Methodology

In all simulations, the source signals s(n) are composed of i.i.d samples belonging
to a binary alphabet {+1, −1} (BPSK modulation). We considered two diﬀerent
performance measures: (1) the bit error rate (BER) and (2) the error probability density function (PDF), which oﬀers an overview of how close to the delta
function, i.e., the ideal error PDF, is the actual error PDF associated with each
possible ESN and adaptation criterion.
In all experiments, for each pair ESN architecture / adaptation criterion, and
for each value of signal-to-noise ratio (SNR), the BER value was obtained by
transmitting symbols until 600 errors were detected or a total of 106 symbols was
achieved. The resulting curve of BER versus SNR actually displays an average
computed over 100 independent experiments for the sake of reliability.
The elements of the reservoir weight matrix W were set to −0.4, 0.4 and
0 with probabilities of 0.025, 0.025 and 0.95, respectively [1], while the input
in
) were set to −1 or +1 with equal probability. The ESNs were
weights (Wij
trained using 50000 samples for both LMS and MEE-SIG algorithms. Based on
preliminary tests, the step size (μ) employed for the LMS was 0.005, while, in
the case of MEE-SIG, μ, σ and L assumed the values 5, 5 and 10, respectively.
Finally, the number of reservoir units was equal to N = 100.

5
5.1

Simulation Results
First Scenario

In this scenario, the channel is a maximum-phase system with transfer function
H(z) = 0.5 + z −1 , being a nonlinear equalizer absolutely necessary when the
equalization delay is zero, as considered here. With respect to the channel noise
distortion, we analyzed two situations: additive white Gaussian and Laplacian
noise (AWGN and AWLN, respectively). The corresponding BER versus SNR
curves are shown in Figure 2(a).
Some interesting remarks can be drawn from Figure 2(a). On the one hand,
for low values of SNR, the performance associated with each criterion is quite
similar, having the LMS presented a slightly better BER value. This may be
due to parameter misadjustements in the PDF estimation (e.g., σ) involved in
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EEC, especially when the noise power becomes dominant. On the other hand,
for higher SNRs, the EEC is eﬀectively capable of extracting more statistical
information of the reservoir signals, so that the equalization performance was
improved when compared with MSE. It is also possible to observe that both approaches remained distant from the BER values related to the maximum a posteriori (MAP) equalizer with two inputs, which, in a certain sense, was expected,
since the MAP equalizer has complete knowledge about the source, channel and
noise characteristics and is explicitly formulated as a decision-error minimizer.
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Fig. 2: Equalization results for EEC and MSE considering H(z) = 0.5 + z −1 .
Figure 2(b) displays the error PDF associated with each criterion for two speciﬁc SNR values and for each noise model: 12.5 dB and 26 dB for Gaussian and
Laplacian noises, respectively. In the former case, the error PDF achieved with
MSE is narrower than that of EEC, which may be related to a slight σ misadjustment in the MEE-SIG algorithm. In the latter case, the error PDF associated
with the EEC is more peaky and less tailed, being a better approximation of
the delta function, which indicates that this criterion can better employ the
statistical information of the signal for equalization.
5.2

Second Scenario

The second channel is described by the transfer function H(z) = 1 + z −1 . The
peculiar characteristic of this channel is the existence of coincident states, which
means that it cannot be equalized by means of feedforward structures, either
linear or nonlinear. In this case, the presence of feedback connections can be
decisive from the standpoint of performance improvement. Figure 3 exhibits the
BER versus SNR curves obtained with each criterion for AWGN.
The results displayed in Figure 3 conﬁrmed that the presence of recurrent
connections within the reservoir allowed the ESNs to distinguish between the
coincident channel states: the BER values obtained with ESNs are signiﬁcantly
smaller than those associated with the Bayesian approach, using two inputs,
which cannot transcend an error rate of 12.5%. Additionally, we can observe
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that the EEC led to a pronounced performance improvement, especially for high
SNRs, which indicates the relevance of higher-order statistical information.
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Fig. 3: BER versus SNR - MSE and EEC.
For the sake of brevity, we do not display the BER curves for the Laplacian
noise nor the error PDFs. It suﬃces to say that the change in the noise model
did not signiﬁcantly aﬀect the BER versus SNR curve, and the behavior of the
error PDFs were similar to those observed in the ﬁrst scenario.

6

Conclusions

In this work, we proposed the adoption of the error entropy criterion instead of
the classical mean-squared error for the adaptation of the readout parameters
of echo state networks. The main motivation is the possibility of achieving a
more eﬀective use of the statistical information associated with the reservoir
dynamics. In the context of supervised channel equalization problem, it has
been shown that the use of EEC can bring relevant performance improvements
when compared with MSE, which encourages further investigations involving
alternative adaptation criteria.
As future perspectives, we highlight the possibility of employing other criteria, like those based on diﬀerent error norms, as well as the use of ITL criteria to
train other unorganized neural networks, like extreme learning machines (ELMs).
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